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A COLOR IMAGE CODING/DECODING METHOD BASED ON NEWLY CONSTRUCTED
FUZZY TRANSFORMS
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Abstract: A color image or a RGB image can be described by an array of m X n x 3 pixels. The value of the
pixel lies between o and 255. In this paper we compress a color image by using newly defined fuzzy transform
and also we reconstruct an approximation of the original image from the compressed image by using inverse
fuzzy transform. The quality of the reconstructed image is judged by calculating the R.M.S.E. and P.S.N.R. with

respect to the original image.
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Introduction: In classical Mathematics, various
types of transforms are introduced (e.g. Laplace
transform, Fourier transform, wavelet transform etc.)
by various researchers. In 2001 Irina Perfilieva

introduced fuzzy transform in her paper [2]. Latter 018,
fuzzy transform is applied in to various fields, like).

image processing, data mining etc in the papers [5,
10]. The fuzzy transform provides a relation between
the space of continuous functions defined on a
bounded domain of real line R and R" .Similarly
inverse fuzzy transform identified each vector of Rn
with a continuous map. In paper [7], I.Perfilieva prove
that the function obtained by using inverse fuzzy
transform approximates the original function with a
very small precision. Similarly the discrete fuzzy
transform and discrete inverse fuzzy transform can be
applied for a function whose values at particular
points are known.
The compression and decompression of the gray
image by fuzzy transform method was introduced in
the paper [], by F. Di Martino, V. Loia, I.Perfilieva and
S. Sessa. In this paper we extend the compression and
decompression techniques for coloring images by
using fuzzy transform. We use two dimensional
discrete fuzzy transform for compression of color
image and for getting decompressed image we use
discrete inverse fuzzy transform.
Fuzzy transforms: The central idea of the fuzzy
transform is to partition the domain of the function
by fuzzy sets. A fuzzy partition is defined as follows
Definition 2.1([5]): Let [a, b] be an interval of real
numbers and x; < x, <+ < x, be fixed nodes
within [a, b] such that x, = a, x, = b and n = 2 .We say
that fuzzy sets A;,4,,...,4, identified with their
membership functions A4;(x),4,(x),...,4,(x) and
defined on [a, b] form a fuzzy partition of [a, b] if
they fulfill the following conditions fori =1, 2, ..., n.
1. Ai:la,b]— [o,1], Alx)=1
2. Ailx)=oif x e (xi_,, Xi+1)
3. Ai(x) is continuous.
4. Ai(x) is monotonically increasing on [x; _,, x;] and
monotonically decreasing on [ x;, x;. ] .
5. Xq Ai(x) =1, for all x.

6. Ai(x;i-x)=A;(x;+x), forall x e [o, ], i=
2,3,..,n—1,n>2.
7. A, (x) =Aix-h) for all x € [a +h, b] , for
i=23..,n—2,n>2.
Where h is the uniform distance between two nodes.
Definition 2.2([6]): Let f{x) be a continuous function
on [a,b] and A, (x),A,(x), ..., A,(x) be basis functions
determining a uniform fuzzy partition of [a , b]. Then
the n-tuple of real numbers [ Fy, F,, ..., F, ] such that
P rGoa; (xdx
R ama
will be called the F- transform of f w.r.t. the given
basis functions. Real’s F; are called components of the
F-transform.
Lemma 2.1([5]): Let f be any continuous function
defined on [a, b], but function f is twice continuously
differentiable in (a, b) and let A;(x),A,(x), ..., A, (x)
be basis functions determining a uniform fuzzy
partition of [a, b] .Then for each i =1,2,...,n
Fi= f(x;) + O(h’)
Now a question arises in the minds that can we get
back the original function by its fuzzy transform. The
answer is we can reconstruct an approximate
function to the original function. For that purpose
Perfilieva define inverse fuzzy transform.
Definition 2.3([6]): Let A;, 4,,..,4, be basic
functions which form a uniform fuzzy partition of [a,
b] and f be a function from c([ a, b]) . Let F,[ f] = [
F,,F,,..,F,] be the fuzzy transform of f with
respect to A;, A,, ..., A, . Then the function defined
by frn(x) = Xt  FiA; (x) is called the inverse fuzzy
transform of f with respect to A;, 4, ..., A, .
The following theorem shows that the inverse fuzzy
transform can approximate the original continuous
function f'with a very small precision.
Theorem 2.1 ([6]): Let f be a continuous functions
defined on [q, b]. Then for any € > o there exist n, and
a uniform fuzzy partition 4, ,4,, ..., A, of [a, b] such
that for all x € [a, b]
f @) = fon ()] = €
Note that the Theoremz2.1 concerns the continuous,
but now we will deal the discrete case, that is we only
know that the function f assumes determined values

i=1,2,..,n (1)
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in some points py, Py, -+, P Of [a, b] . Assume that the
set P of these nodes is sufficiently dense with respect
to the fixed partition, i.e. for each i = 1,2,::-,n there
exist an index j € {1,2,--,m}, such that Ai(p]-) > 0.
Then 1. Perfilieva define the n-tuple [F;, F,, , F,] as
the discrete fuzzy transform of f with respect to
{A1,A,, -+, A}, where each F;, is given as
_ IR r(pp)A))
Fi= V%
ST, 4ip))

for i=1,2,---,n.
Similarly I. Perfilieva also define the discrete inverse
fuzzy transform of f with respect to {4;,4,,-:+,A,} to
be the following function defined on the same set of
points {p;, p;, -+, P} of [a, b]:
fra®)) = Xiz1 FiAi(p)) 3)
Analogously to the Theoremz2.1, the following
approximation theorem can be given:
Theorem 2.2([6]): Let f(x) be a function assigned on
a set P of points py,p,, -+, Pm of [a, b]. Then for every
€ > 0, there exist an integer n(¢) and a related fuzzy
partition Ay, A,, -+, A4, of [a,b] such that, P is
sufficiently dense with respect to A4, 4,, -, A, and for
€very p; € [a' b]’ |f(p}) _fF,n(pj)l <g ] =12,-,m
holds true.
Two variable fuzzy transform: We will consider a
rectangle D = [a,b] X [c,d] € R? as a common
domain of all real valued functions. The main idea
consists in construction of two fuzzy partition one of
[a, b] and another of [c, d].
Definition3.1 ([2]): Let a fuzzy partition of [a, b] be
given by basic functions {A4,,4,,,A,} with nodes
a=x;< %<+ < x,=>b and another fuzzy
partition of [c,d] be given by basic functions
{B1,By,*, By}, withnodes c =y, < y, <+ < y, =
d. Then the fuzzy partition of D is given by the fuzzy
Cartesian product of {Ay,A,,+, A} X {By, By, """, B},
with respect to the product t-norm of these two fuzzy
partition.
Definition 3.2([6]): Let a fuzzy partition of D is given
by {Ay,A,, -, Ay} X {By, By, -+, B}, and let f € C(D).
We say that a real matrix F?[f] = [F;],xm given by

P e A0 (v)dxdy
By = s, 0ea (4)
for i=1,2,--,nand j = 1,2,--,m is called the fuzzy
transform of f with respect to the given fuzzy
partition. The reals F;; are called the components of
the fuzzy transform of f.
Definition 3.3([6]): Let a fuzzy partition of D is given
by {4y, Ay, -, Ay} X {By, By, -+, By}, and let f € C(D).
Let F?[f] = [F;j]luxm be the fuzzy transform of fwith

(2)

respect to {A;,A,, -+, Ay} X {By, By, ++, Bp}. Then the
function
fr(x,y) = T X3 BF;. A;(x)B; (y) (5)

is called the inverse fuzzy transform of f for two
variables.

Theorem 3.1([6]): Let f be a continuous function
defined on D. Then for any € > 0, there exist natural
numbers n and m and a fuzzy partition
{A,, Ay, -+, Ay} X {By, By, -+, By} of D such that for all

(x,y) €D, [f(x,y) = frley) < €
In the discrete case, we assume that the function f

assumes determined values in some points
(pi,qj) € [a,b] x [c,d], where i=1,2,---,N and
j=12,-,M. Moreover the sets,
P = {plipZJ'“!pN}X{q1!QZv"'qu}l must be
sufficiently dense with respect to the chosen
partitions.

In this case Perfilieva define the matrix [Fy;],xm to be
the discrete fuzzy transform of f with respect to

{A, Ay, -+ Ay} X {B1, By, -+, By}, where for each
k=12,>-,nandl=12,-m

M_ N_ qj)A i)B i
Fkl — 21_121_1f(p q}) k(p) l(q]) (6)

2L 2, AoBia))
The discrete inverse fuzzy transform of f with respect
to {A;, A, -, Ay} X {By,By,+*,Byn}, to be the
following function which is defined on the same
points (pi,q]-) € [a,b] X [c,d],with i=1,2,---,N and
j=12-,M.

fr(Paj) = kot X FaAr()Bi(q)) (7)
Theorem 3.2([6]): Let f(x,y) be a function assigned
on the points (pi,qj) € [a,b] X [c,d],with =
1,2,--,N and j=12,--,M. Then for every & >0,
there exist two integers n(e), m(e) with respect to the
fuzzy partitions {4, A5, -, A} X {By, By, ***, By}, of D,
such that the set of points P = {pi,p, =", Dn} X

{q1, 92, -+, qu}, are sufficiently dense with respect to
{A1, Ay, Ay} X {By,By,*,By,} and for every
(p,-,qj) € [a, b] X [c,d], with i=12,-,N and

j=12,-,M. |f(pi,qj) —fF(pl-,qj)| < ¢ holds true.

Coding/Decoding of RGB images: Let I be a RGB
image divided in N x M pixels. Then I can be treated
as a array of order N x M x 3. We divide the image I
in three separate components Red, Green and Blue
each of order, N x M x 1, and we denote these by
matrices R, G and B, i.e. the matrix R, G and B
corresponds the red, green and blue components of
the image I, respectively. Now each of these
components can be treated as a function from
{1,2,---,N}x {1,2,---,M} to the real interval [o, 255].
That means the red components is a function given
as, R:{1,2,-~-,N}x{1,2,--,M} - [0,255] and R(i,))
denotes the value of the pixel at (i, ) position in the
red components matrix. Similarly the other two
components G and B are also be treated as a function
from {1,2,---,N}x {1,2,--,M} to the real interval [o,
255]. Now for compressing the original Image I, we
compress its three components red, green and blue.
That is we will compress the matrixR (i, j), G(i,j) and
B(i,j) and for compressing these matrix we use
discrete fuzzy transform in two variables [Fy, ],
defined foreachk =1,2,---,nandl =1,2,---,m as
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M-

1l
—_

2
Fkl=j_

R DA, B )

N (8)
22 AOBW

j=1 =1
Where by simplicity of notation we have assume,
pi=iq;=j,a=c=1,b=Nandd =M. Here
Ay, Ay -+, A, and By, By, -+, B, , <Nm<M,
are basic functions which forms a fuzzy partition of
the interval [1,N] and [1, M] respectively. Resulting
these we get a compressed matrix of order m xn .
Now for getting the original red components from
these compressed matrix we used inverse fuzzy
transform for every (i,j) € {1,2,---,N} x {1,2,--, M}
and is defined as follows

R =23 F.AOBU) ©)

k=1 =1
We define the basic functions {4;, A,, -, A,} and
{B;, By, --, By}, used in equations (8) which form
an uniform fuzzy partition of [1,N] and [1, M]
respectively as follows:

I1
A,(x) = 0.5 (1 + cosz(x — xl)) if xe[xq,x,],
0 otherwise,
Il .
A (x) = 0.5 <1 + cos (x— xk)) if xe[x_1, X1,
0 otherwise,
I .
A, (x) = 0.5 <1 + cos (x— xn)) if xe[xXp_1, Xns1l,
0 otherwise,

(10)
where k =2,3,:--,n, hzﬁ, and x, =1+ h (k —
1) and

0.5(1 L ;
Bl(}’)z{ ' ( +C°5;(y—y1)) if y € lynyal,

0 otherwise,

0.5(1 i i
B:(y) ={ ' ( +COS§(_’y—_’yt)) if yelye-1,Yes1l

0 otherwise,

0.5(1 i i

0 otherwise,

(1)
wheret =2,3,--,m, s =% and y, =1+s(t—1)
Now by using these basic functions and by using
formula in equation (8), we compressed the each of
the components red, green and blue. That means by
using fuzzy transform we get a compressed image of
the original image. From this compressed image we
construct a approximated image of the original image
by using inverse fuzzy transform. After getting the
approximated image we study the quality of the
reconstructed image by using peak signal to noise

ratio in short PSNR, which is defined as follows:

PSNR = 2010g; o

where RMSE means root means square error and is
given by the following formula:
RMSE

_ ?’=1 Z?ilz?{:l(‘q(i'j' k) — A_NM"F (i,j, k))z
B NXxXMx3

where A(i,j, k) is the original array of color matrix
image and A%,(i,j, k) is the new array of the
reconstructed image by using inverse fuzzy transform
method.

It is noted that if the RMSE is approximately becomes
zero then we say that the approximated image is
exactly equal to the original image and consequently
the PSNR value will becomes very large. That means
that smaller the RMSE value more accurate the
approximated image and if the PSNR value is large we
say that the approximated image is more similar with
the original image.

Example4.1: Consider the following color image of
sizes 8 x 8 , with value pixels between o and 255
corresponding to the image of figure 1, and its red,
green and blue components are also given below.

54 57 62 69 8 98 110 69

71 75 162 169 142 94 150 90

54 57 62 69 84 102 110 125
74 67 72 79 94 112 130 160
84 97 114 127 134 146 162 177
94 110 122 132 145 156 168 186
105 121 132 142 156 166 180 194
115 134 142 153 176 196 215 225

74 62 67 84 132 150 78 169
84 87 112 84 7 75 T8 171
142 167 172 79 94 112 125 135
73 83 87 91 101 122 140 145
94 105 124 142 148 158 168 182
105 116 128 147 158 170 180 192
62 68 74 78 82 8 8 90

64 71 75 80 8 87 90 9
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94 157 127 169 78 92 107 108
178 187 177 103 140 62 107 78
74 77 82 89 104 124 137 140
94 186 205 102 114 134 150 161
120 135 148 164 175 185 192 200
130 140 155 178 200 210 231 241
107 121 139 147 154 166 180 187
115 130 143 156 165 175 185 194
Now for compressing this image by using fuzzy
transform method we need a fuzzy partition of the
domain [1,8] x [1,8], for doing these we use basic
functions in equations (10) and (11), by taking N = 8,
M = 8, h = 7/3, k = 7/3. By using these basic fuzzy
functions we compress the components of the image
separately. We denote the compress matrix of the
red, blue and green components as R/, G’ and B’

respectively each of size 3 x 3 (that means

4X4

compression rate p=%=0.25) and by using

MATLAB, we evaluated these matrix and are given
below:

63 96 105 96
67 87 108 132

R=196 120 1t 175
118 118 178 207

77 85 107 1345

oo |11 111 108 139
=196 119 144 163
67 67 87 94

140 143 98 101
|16 127 123 141
128 156 184 207

118 119 169 189

Now by using the matrix R, G’ and B’ as red, green
and blue components respectively the compressed
image is given below:

05

35

N

4
3 5 1 15 2 25 3 35 4 45

Now by apparent looking the image of figurer and
this compressed image are of quite similar but the
advantage of these compressed image is that it
requires only 16 data but the original image requires
64 data to store. Also whatever the quality of the

image lost due to data compression can also be nearly
managed by constructing decomposed image from
this compressed image by using inverse fuzzy
transform and this decomposed image nearly equal to
the original image. Now for using inverse fuzzy
transform we use the formula () for each components
of the compressed matrix and consequently we get
the reconstructed red, green and blue components,
which combined to form the reconstructed RGB
image and due to theorem we can say that these
reconstructed image approximates the original image.
The reconstructed red, green and blue matrices are
given below:

63 75 94 97 103 104 100 96
64 75 92 96 104 106 108 90
66 74 8 91 103 108 121 130
73 8 92 97 110 116 130 140
90 100 112 119 134 141 156 167
97 106 119 126 143 150 166 176
109 113 119 128 157 167 183 194
118 118 118 129 167 179 195 208
77 80 85 89 103 108 123 135
90 92 95 97 105 106 125 137
109 109 110 109 108 109 126 138
107 109 112 112 114 116 132 143
98 106 117 121 133 138 150 159
95 103 116 122 137 142 152 160
78 81 87 01 105 109 116 120
67 67 67 71 83 87 91 9%

GJ! =

140 142 143 135 106 98 100 101
131 133 137 132 114 107 113 116
117 7121 127 126 122 1227 132 139
118 123 182 132 133 135 145 153
125 135 149 154 169 174 186 195
127 138 153 160 178 185 198 207
122 126 133 141 167 176 188 196
118 118 118 128 160 170 181 189

and the
below:

corresponding reconstructed image is given

1 2 3 4 5 6 7 -]

From this reconstructed image we evaluate the RMSE
by using MATLAB and is found as equal to 1. That
means root means square error is very small so we
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can say that nearly approximates the original image.
Subsequently we evaluate the PSNR value and is
equal to 110.82, which can be treated as very good.
This technique can be used for several compressed
ratio and the compressed matrix can again be
compressed by using the same technique. If we use a
series of compression for a image, then for getting an
approximate image of the original image we must do
the decomposition of image in reverse sequence.
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